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Abstract 
The asymptotic behaviour of the solutions of the differential equations 
(r(t)x'(t))' + f(t,x(t),x(A(t,x(t)))) = 0 
in the case when fog ds/r(s)= +oo is considered. (~) 1998 Elsevier Science B.V. All rights reserved. 
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I. Introduction 
The systematic investigation of the oscillatory properties and asymptotic behaviour of the solutions 
of functional-differential equations begins with the works [3, 5, 6]. 
For the last two decades the number of the papers dealing with these problems considerably 
increased. The monograph [4] published in 1987 is devoted to the systematic investigation of the 
oscillatory properties of the solutions of ordinary differential equations with deviating arguments. 
The present paper deals with the asymptotic behaviour of the nonoscillatory solutions of a class 
of differential equations with delay depending on the unknown function of the form 
( r ( t )x ' ( t ) ) '  ÷ f ( t ,x ( t ) ,x (A( t ,x ( t ) ) ) )  = 0 (1) 
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under the condition that f~  ds/r(s)= +e~. In the case when f is strongly sublinear (superlinear) 
function, conditions for oscillation of the solutions of Eq. (1) are found. 
Let us note that the differential equations of form (1) with delay depending on the unknown 
function have been investigated only in the papers [1, 2]. 
2. Preliminary notes 
Let T E ~+ = [0, +cxD). Define T_I : inf{A(t,x): t>>- T, x E R}. 
Definition 1. The function x(t) is called a solution of the differential equation (1) in the interval 
[T,+e~), if x(t) is defined for t>~T_l, it is twice differentiable and satisfies (1) for t~T. 
Definition 2. The solution x(t) of Eq. (1) is said to be regular, if it is defined on some interval 
[Tx ,+~)  and sup{Ix(t)l: t~>T}>0 for each T>>.Tx. 
Definition 3. The solution x(t) of Eq. (1) is said to be: 
(1) finally positive: if there exists T ~>0 such that x(t) is defined for t >~ T and x(t)> 0 for t >~ T; 
(2) finally negative: if there exists T >~0 such that x(t) is defined for t ~> T and x(t)<0 for t ~> T; 
(3) nonoscillatory: if it is either finally positive or finally negative; 
(4) oscillatory: if it is neither finally positive nor finally negative. 
Introduce the following conditions: 
HI. rEC(R+,~+)  and r ( t )>0,  tE~+.  
H2. f~  ds/r(s) = +cx~. 
H3. f E C(R+ × ~2, ~). 
H4. There exists TE ~+ such that u.f(t,u,v)>O for t>~T, u.v>O and f(t ,u,v) is nondecreasing 
function in u and v for each fixed t ~> T. 
H5. A E C(~+ × ~,~).  
H6. There exist a function A, ( t )E  C(~+,~)  and T E R+ such that limt~+~ A,(t)=+cx~ and 
A,(t)<.A(t,x) for t>>. T, xE ~. 
H7. There exist a function A*(t) E C(~+, ~) and T E ~+ such that A*(t) is a nondecreasing function 
for t >~ T and A(t,x)<~A*(t)<<.t for t ~ T, x E E. 
Introduce the functions 
fo tds  fr t ds 
R(t) = r(s)'  R(t, r )  = r (s )  
3. Main results 
Lemma 4. Let the conditions HI-H7 hoM and x(t) be a nonoscillatory solution of Eq. (1). 
Then: 
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1. I f  x(t) is a finally positive function then finally x(t) is an increasing function and r(t)x'(t) is a 
positive and decreasing function. 
2. I f  x(t) is a finally negative function then finally x(t) is a decreasing function and r(t)x'(t) is a 
negative and increasing function. 
3. x(t) possesses one of the following properties: 
x(t) 
(P1) lim - -  = const ~ O. 
t--,+~ R(t) 
(P2) lim x(t) ,--.+o~ R(t) - O, t~+~lim [x(t)l = -+-c~. 
x(t) 
(P3) lim - O, 
t~+o~ R(t) 
lim Ix(t)[ = const ¢ 0. 
t----,+oc 
Proof. Let x ( t )>0 for t>.To>>-O. It follows from condition H6 that there exists TI/>To such that 
x(A(t,x(t)))>O for t>~Tj and from H4 and (1) we conclude that (r(t)x'(t))'<O for t>>.Ta>~T~. 
Therefore, r(t)x'(t) is a decreasing function for t~> T2. 
The case r(t)x'(t)<<.O is not possible. If we suppose that there exist k>0 and T3 >//2 such that 
r(t)x'(t) <<.-k, t>~ T3, then we obtain that x(t)--~-e~ as t--, + oc, which is a contradiction. 
Thus, r(t)x'(t)>O for t ~> T2. Then there exists the limit 
lim r(t)x'(t) =L C [0, c~). (2) 
l~+Oo 
It is not difficult to prove that 
lim x(t)=L.  (3) 
,~+~ R(t) 
If L>0,  then x(t) possesses property (P1). Let L=0.  Since x ' ( t )>0 for t>~T2 and x(t) is 
an increasing function then either l imt~+~x(t)=const¢O (and x(t) possesses property (P3)), or 
limt__,+~x(t) = +c~ (and x(t) possesses property (P2)). [] 
Theorem 5. Let the conditions H1-H7 hold. 
Then: 
1. I f  Eq. (1) has a nonoscillatory solution with the property (P1), then there exists a constant 
c ¢ 0 such that 
f ~ If(s, cR(s), cR(A,(s))) l  ds < +co. (4) 
2. I f  for some c ~ 0 we have 
f ~ If(s, ce(s), < +co,  (5) ce(A*(s))) l  ds 
then Eq. (1) has a solution with the property (P1). 
90 D.D. Bainov et al./Journal of Computational and Applied Mathematics 91 (1998) 87-96 
Proof. (1) Let Eq. (1) have a solution x(t) for which 
x(t) 
lim - L ~ 0. 
t~+~ R(t) 
Without loss of generality, we suppose that L > 0. Then there exist c > 0 and To ~> 0 such that 
x( t ) >>. cR( t ), 
(6) 
x(A(t,x(t)))>~cR(A,(t)), t>~To. 
The integration of Eq. (1) shows that 
f(s,x(s),x(A(s,x(s))))  ds <<. r(l'o)X'(To). (7) 
Inequalities (6) and (7) imply that 
r? f (s ,  cR(s), cR( A,(s))) ds < +c:~. 
(2) Let inequality (5) be fulfilled with a constant c¢  0. Without loss of generality, we suppose 
that c > 0. We choose m such that 0 < m <<.c/2 and T > 0 such that 
fr ~ 2mR(s), A * (s) ) ds <<. 8 f (s,  2mR( ) ( m. ) 
Define the set 
D = x E C([T_I, +cx~), N) 
mR(t,T)<<.x(t)<.2mR(t,T), t>>.T 
and the operator S :D ~ C([T_I, +~) ,  •) by the formula 
m+ f(u,x(u),x(A(u,x(u))))du ds, t>.r. 
Let xED.  It follows from (9) and conditions HI, H4 that Sx(t)>~mR(t,T), t>>-T. Since x(t )~ 
2mR(t,T) implies x(t)<.G2mR(t), then using conditions H4 and H7 we get 
f(s,x(s),x(A(s,x(s))))ds<~ f(s,2mR(s),2mR(A*(s)))ds. (10) 
It follows from (8)-(10) that Sx(t)<~ 2mR(t, T), t ~> 7". Therefore, SD C_ D. 
It is standard to verify that the other conditions of the Schauder-Tychonov fixed point theorem 
are fulfilled and therefore there exists z E D such that z(t)=Sz(t).  It is easy to see that z(t) is a 
solution of Eq. (1). 
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The equality 
r(t)z'(t)=m + f(u,z(u),z(A(u,z(u))))du 
implies that l im,~+~ r(t)z'(t)=m. Therefore, limt_.+~z(t)/R(t)=m, 
erty (P1). [] 
i.e., z(t) has the prop- 
Theorem 6. Let the conditions H1-H7 hold. 
Then Eq. (1) has a nonoscillatory solution having the property (P3) if and only if there exists 
a constant c ~ 0 such that 
fo "~ R(s)lf(s, c)[ ds < +c~. 1 ) (1 c, 
Proof. (1) Let Eq. (1) have a solution x(t) with the property (P3): l imt~+~ x(t )=c¢O.  Without 
loss of generality, we suppose that c>0.  Then x(t) is a finally positive solution, x ' ( t )>0 finally, 
l imt~+~ r(t)x'(t)=O and there exist positive constants Cl,C2 and T1 such that Cl <<.x(t)<<.c2, Cl <~ 
x(A(t,x(t)))<.c2, t>~T1. 
Integrating (1) from t to +~,  we get 
i.e., 
ft °° r(t)x'(t) --- f(s,x(s),x(A(s,x(s))))ds 
fl ° >~ f(s, et, cl ) ds, 
/O(3 
1 f ( s ,  cl, Cl ) ds -< ' (t). 
r(t) 
Integrating 
and therefore 
(2) Let ( 11 
T ~> 0 such that 
c 
R(s)f(s, c, c) ds <<. -~. 
Define the set 
g- 
: ~x E C([T_I, +c~), R) D 
[ 
(12) 
(13) 
(12) from T1 to +c~, we obtain 
[ f f(s,c,,ci)ds] dt<~x(+c~)- x(T,), 
f~  R(s, I"1 )f(s, cl, el ) ds < +~.  The last inequality implies ( 11 ). 
) hold with a constant c ¢ 0. Without loss of generality, we suppose that c > 0. Choose 
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and the operator S :D---~ C([T_I,+CXD), ~) by the formula / c 
~, T_I <<.t<T, 
-~ ÷ ~ f(u,x(u),x(A(u,x(u))))du ds, t>~T. 
Let xED. Then Sx(t)>.c/2 for t>~T. Moreover, it follows from (13) and from the definition of 
the operator S that Sx(t)<<.c. 
Therefore, SD C_ D. Analogously to the proof of Theorem 5, we conclude that the operator S has 
a fixed point z E D, i.e., z(t)=Sz(t), t>~ T_~. It can be verified immediately that z(t) is a solution 
of Eq. (1). 
The equality 
r ( t ) z ' ( t )  = 
implies that 
z ( t )  
lira = lim r(t)z'(t)=O 
t~+~ r(t) t~+~ 
and 
lim z( t )=constE  ,c . 
f (u,z(u),z( A(u,z(u )) ) ) du 
[] 
Theorem 7. Let the conditions H1-H7 hold. 
Then Eq. (1) has a nonoscillatory solution having the property (P2) /f 
fo ~ cR(s), +cx~ (14) If(s, cR(A*(s)))] ds 
for some nonzero constant c and 
f ~ R(s)if(s,d,d)] ds = +cx~ (15) 
for each nonzero constant d for which cd >0. 
Proof. Without loss of generality, we suppose that c>0 in (14). Let mE(0,c] and T~>0 be such 
that 
r ~ f(s, cR(s),cR(A*(s)))ds<.m (16) 
and R(T) >~ 1. Then 
m÷mR(t,T)<.eR(t), t>~T. (17) 
Define the set 
D : {x E C([T_I, +cx)), ~) 
x ( t ) :m,  T_I <<.t<T, 
S m<.x(t)<.m+mR(t,T), t>~T 
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and the operator S :D --. C([T_I, +~) ,  ~) by the formula 
{m il' ii Sx(t)= t 1 m + ~ f(u,x(u),x(A(u,x(u))))du ds, t>~T. 
Let xED. Then Sx(t)>~m. It follows from (16) and (17) that 
t l  f(u, cR(u),cR(A*(u)))duJds Sx(t) <~m+ fr ~-~[ f  
<. m + m -~  ds = m + mR(t ,  T) .  
Therefore, SD C_ D. Analogous to the proof of Theorem 5, we conclude that the operator S has 
a fixed point zED, z(t)=Sz(t), t>>-T_l. It can be verified immediately that z(t) is a solution 
o fgq .  (1). 
The equality 
f r(t)z'(t) = f(s,z(s),z(A(s,z(s))))ds t 
implies that 
lira z( t ) = lira r(t)z'(t)=O 
/---~ +Cx3 ,~+o~ r(t) 
and the inequality 
Ef ] z(t)>~m + ~ f(u,m,m)duds 
implies in view of condition (15) that l imt~+~ z(t)= +oe. Therefore, z(t) has the property (P2). [] 
Definition 8. The function f(t,u, v) is said to be strongly sublinear if there exists a constant 
/3 E (0, 1) such that If(t,u, v)l/iul ~ is a nonincreasing function in lul, Iv I for each fixed t~>0. 
Definition 9. The function f(t,  u, v) is said to be strongly superlinear if there exists a constant 7> 1 
such that If(t,u,v)l/[ul ~ is a nondecreasing function in lu], Iv[ for each fixed t~>0. 
Theorem 10. Let the conditions H1-H7 hold and the function f(t,  u, v) be strongly sublinear with 
a constant/3 E (0, 1 ). 
Then the following assertions are equivalent: 
(i) For each nonzero constant c
fo ~ If(s, cR(s), = cR(A*(s))) I ds +oc. 
(ii) Each regular solution of Eq. (1) is oscillatory. 
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Proof. If we suppose that 
fo ~ If(s, cR(s), cR(A +co :¢(S)))1 ds < 
for some c ¢ 0, then by Theorem 5, Eq. (1) has a nonoscillatory solution with the property (P1). 
Let x(t) be a nonoscillatory solution of Eq. (1). Without loss of generality, we suppose that x(t) 
is a finally positive solution: x( t )>0,  t>~ TL )0 .  Then, as in Lemma 4 we obtain (2) and integrating 
from t to +oc we get 
Lf x'(t)~> f(s,x(s),x(A(s,x(s))))ds, t>~ T1. (18) 
! 
Let T2>>.TI be such that R(t, TL)>~½R(t) for t>>-T2. Then, integrating (18) from /'1 to t>~T2 we 
conclude that 
x(t) >1 x(t) - x(T1) 
t 1 
t 1 
>. 1R(t) ft~f(u,x(u),x(A(u,x(u))))du. (19) 
Since there exists a constant c>0 such that x(t)<.cR(t), x(A(t,x(t)))<<.cR(A*(t)) for t~> T2, the 
strong sublinearity of f implies 
f(t,x(t),x(A(t,x(t)))) = f(t'x(t)'x(A(t'x(t))))x~(t) 
x~(t) 
f(t, cR(t), cR(A*(t))) Ix(t)] ~ 
/> c~ [R(t)J " 
It follows from (19) and (20) that 
x(t) ~_~ f~ ds=z(t) R(t) >~ t f(s, cR(s),cR(A*(s))) [R(s)J x ]a 
and therefore 
, ~< 1 
z (t) ..~ - ~c~f(t, cR(t), cR(A*(t)))z~(t). 
Thus, we obtain 
[zl-/~(t)]' = (1 - fl)z-~(t)z'(t) 
1 
~< - ~(1 - fl)c-l~f(t, cR(t), cR(A*(t))). 
(2o) 
(21) 
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Integrating (21), we obtain 
- i, i 
Having in mind that limt_++ooz(t)= 0, we conclude that 
t ; f  (s, cR(s), cR(A*(s))) ds < +oo. [] 
Theorem 11. Let the conditions H1-H7 hoM and the function f be strongly superlinear with a 
constant 7 > 1. 
Then the following assertions are equivalent: 
(i) For each nonzero constant c
f oo R(s)lf(s, c, c)l = +oo. ds 
(ii) Each regular solution of Eq. (1) is oscillatory. 
Proof. If we suppose that 
L o~ R(s)lf(s, c, c)l < +oo ds 
for some c ¢ 0, then by Theorem 6, Eq. (1) has a nonoscillatory solution having the property (P3). 
Let Eq. (1) have a nonoscillatory solution x(t). Without loss of generality, we suppose that x(t) is 
a finally positive solution: x(t)> O, t >1 Tl >>. O. Then by Lemma 4 it follows that x(t) is an increasing 
function for t >~ Ti and for some c > 0 the inequalities 
x(t)>~c>O, x(A(t,x(t)))>~c (22) 
are valid for t >/T2 t> TI. 
As in Theorem 10 we obtain the inequality 
xl( t )>~-~ f(s,x(s),x(A(s,x(s))))ds for t>~T2. (23) 
Inequalities (22) and the strong superlinearity of f imply that 
f(t,x(t),x(A(t,x(t)))) >1f(t,  c, C)x~(t)" (24) 
C ~ 
Since x(t) is an increasing function, it follows from (23) and (24) that 
1 fo~ xT(t) 
x'(t) >>. ~ ~, f(s,  e, c) ds c-----7- (25) 
Dividing (25) by xr(t) and integrating from T2 to +cx~, we obtain the inequality 
1 c--PiT I ~(7)[Sex)f(s,e,c)ds] dt~XT~--~(~2) -ql-OO ' 
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which implies 
fo ~R(s) f ( s ,c ,c )ds<+zx~.  [] 
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